We calculate the exact values of the quasinormal frequencies for an electromagnetic field and a gravitational perturbation moving in D-dimensional de Sitter spacetime (D ≥ 4). We also study the quasinormal modes of a real massive scalar field and we compare our results with those of other references.
Introduction
Motivated by brane world scenario in string theory and by the study of the higher dimensional features of general relativity, recently there has been considerable interest in understanding the dynamics of classical fields in higher dimensional spacetimes (see Refs.
[1]- [16] for some examples).
The main reason to study quasinormal modes (QNMs) of the black holes is its probable astrophysical importance; however, in many physical relevant cases an exact analytical calculation of the quasinormal (QN) frequencies is not possible and they are calculated using numerical methods or suitable approximations (see Refs. [17] for reviews). Recently, it was shown that the QNMs are a useful tool in understanding the AdS-CFT and dS-CFT correspondences and some aspects of quantum gravity [18] , [19] . For these and other reasons the QN frequencies have also been calculated in several higher dimensional spacetimes [8] - [16] .
From a theoretical viewpoint, it is useful to have a list of examples in which we can exactly calculate the QN frequencies in order to achieve a better understanding of its properties. In Refs. [8] - [11] , [15] , [16] , [20] - [29] we can find some examples of QN frequencies calculated analytically.
Owing to the simplicity of its metric [30] , de Sitter background has many applications in theoretical physics [31] , [32] , [33] . As is well known, the usual method to study the physical properties of a spacetime is to analyze how a classical field propagates in it. For this reason, in Refs. [20] - [22] , [34] - [38] the propagation of classical fields in 4D de Sitter spacetime was investigated. Even more, in this background the dynamics of the field is simpler than in other physical relevant metrics.
In this framework, here we study how the results of the previous references varies when the dimension of de Sitter spacetime is greater than four. We can find work along this line in Ref. [8] for a gravitational perturbation and in Refs. [9] , [10] for a massive scalar field.
The exact values of the de Sitter QNM frequencies were analytically calculated in Refs. [8] - [10] , [22] , [35] . Nevertheless, these papers report different results on the existence of these QNMs. For example, in Ref. [8] Natário and Schiappa asserted that there are well defined QN frequencies for a gravitational perturbation only in odd spacetime dimensions; in Ref. [9] Du, et al., found that a massive Klein-Gordon field have well defined QNMs only when its mass satisfies a restriction and in Ref. [35] Myung and Kim claimed that the de Sitter QNMs do not exist. In Ref. [22] we show that in four dimensions there are well defined QNMs for the massless fields, but this conclusion disagree with the affirmations of [8] . Motivated by this discussion, in the present paper we study the de Sitter QNMs of an electromagnetic field, a gravitational perturbation and a massive scalar field in D ≥ 4 dimensions. Thus, we extend to D-dimensional de Sitter spacetime some results of Ref. [22] and we also make some comments on the issues enumerated above.
We organize this paper as follows. In Secs. 2, 3, and 4 we find the exact values of the QN frequencies for an electromagnetic field, a gravitational perturbation, and a real Klein-Gordon field moving in D-dimensional de Sitter background, respectively. In Sec. 5 we discuss the results found in previous sections.
In Appendix A we enumerate some properties of the hypergeometric function that we use in several sections of this paper. In Appendix B, following Ref. [15] , we calculate the QN frequencies for an electromagnetic field and a gravitational perturbation propagating in D-dimensional near extreme Schwarzschild de Sitter (SdS) black hole. Finally, in Appendix C we discuss some facts on the effective potentials of the Schrödinger type radial equations in which an analytical calculation of the QN frequencies is possible.
Electromagnetic field
In the following we study some aspects of the dynamics of different classical fields moving in D-dimensional de Sitter spacetime. We use the metric of the de Sitter background in static coordinates
where dΩ 2 = γ ij dx i dx j is the line element of the (D−2)-dimensional unit sphere (i, j, . . . = 1, 2, . . . , D − 2) and
Using a modified Feynman gauge, in Ref. [7] Crispino, et al., showed that the equations of motion for an electromagnetic field propagating in a spherically symmetric and static spacetime (that is, for a background of the form (1) where P 2 is not necessarily given by (2)) reduce to a decoupled set of radial differential equations. Here we study the so called physical modes I and II which represent the physical degrees of freedom of an electromagnetic field. For more details see Ref. [7] .
Physical modes I
For these modes, the vector potential A α in the metric (1) is equal to [7] A (I)
where Y lm stands for the scalar spherical harmonics on the (D−2)-dimensional unit sphere [7] , [39] , and the radial function
In order to satisfy the gauge condition we need that l ≥ 1 [7] . The previous equation in D-dimensional de Sitter metric takes the form
where z = r/L andω = ωL. Making in Eq. (5) the change of variable y = z 2 [22] , we find that the radial function R (I) satisfies
For the function R (I) we make the ansatz
where
in order to find that the functionR must be a solution to the differential equation
where the parameters a, b, and c are equal to
As noticed in Refs. [10] , [22] , [38] there are several possible combinations for the values of A and B (and therefore of a, b, and c). In the following we study in detail the case A = l−1 2 and B = iω 2 . The first solution to Eq. (9) is (see Appendix A)
If the parameter c is a half-integer (even D), then the second solution to Eq. (9) is
and if c is an integer (D odd), then the second solution to Eq. (9) is
1 The symbols A, B, a, b, c, andR represent different quantities in each section of this paper.
We have no reasons to expect singularities of the field at r = 0; therefore, in this work we use radial functions that are regular there. For even or odd D, the only solution to Eq. (9) that leads to a regular radial function at r = 0 isR 1 [22] , [38] . The radial function that includeR 2 is divergent at r = 0. Thus the regular radial function at the origin is
As in Refs. [8] , [9] , [20] - [22] the de Sitter QNMs are solutions to the equations of motion that satisfy the physical boundary conditions: (i) the field is regular at the origin; (ii) the field is purely outgoing near the cosmological horizon. To calculate the QN frequencies of the electromagnetic field modes I we employ Eq. (62) of Appendix A, which is valid when the quantity c − a − b is not an integer, to expand the radial function (14) in the form
Using Eq. (3), we find that the first term in curly braces of Eq. (15) represents an ingoing wave and the second term represents an outgoing wave. To satisfy the boundary conditions of the de Sitter QNMs we must impose the condition [8] , [20] , [21] 
But from the values of the parameters a, b, and c given in Eq. (10) , if c − a − b = −iω is not an integer, then the quantities c − a and c − b cannot be integers. Thus we cannot satisfy the conditions (16) when c − a − b is not an integer [22] . Therefore we must study the case when c − a − b is an integer [22] . If c − a − b = −n 1 , where n 1 = 1, 2, 3, . . . , we can write the radial function (14) as 2 (see Appendix A)
From Eq. (3), we find that the second term in curly braces of Eq. (17) represents an ingoing wave while the first term represents an outgoing wave. Thus, to satisfy the boundary conditions of the de Sitter QNMs we must impose the condition
The previous conditions imply that the de Sitter QN frequencies are equal to
respectively.
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In the case studied in Ref. [10] was shown that identical de Sitter QN frequencies are found when they use different values of the parameters A, B, a, b, and c. We believe that this also happens for the classical fields that we study here [22] .
Physical modes II
For these modes the vector potential in the metric (1) is equal to [7] 
stands for the divergence-free vector spherical harmonics on the unit (D − 2)-sphere [7] , [39] , [40] and the radial function R (II) is a solution to the differential equation
In D-dimensional de Sitter metric we can solve this equation using a similar procedure to that used in the previous subsection. Therefore we only present the main steps. Employing the variable y previously defined, we obtain that it is possible to find exact solutions to Eq. (21) of the form (7), where the quantities A and B are
and the functionR is now a solution to the hypergeometric differential equation (58) with the parameters a, b, and c equal to
In this subsection we study in detail the case A = . We find that the regular radial function at r = 0 is
The solutions to the differential equation forR of the form (60) (c a half-integer, even D) or (61) (c an integer, odd D) lead to an irregular radial function at r = 0.
From the values for a, b, and c given in Eq. (23), if the quantity c − a − b is not an integer, then the quantities c − a and c − b cannot be integers; thus we must calculate the QNMs when c − a − b is a negative integer (see previous subsection and Ref. [22] ). In this case, employing a similar procedure to that of Subsection 2.1, we find that the de Sitter QN frequencies for an electromagnetic mode of type II are equal to
According to the results of Ref. [8] , the de Sitter QN frequencies for a gravitational perturbation are well defined only when the spacetime dimension D is odd (see Section 3). Our results (19) and (25) show that for an electromagnetic field, the de Sitter QN frequencies are well defined in even and odd dimensions.
The QN frequencies (19) and (25) for the modes I and II of an electromagnetic field are equal when D = 4. For even D (and for given l) the QN frequencies (19) and (25) are equal except for some frequencies whose number depends on the spacetime dimension. For odd D, the de Sitter QN frequencies of the modes I and II have different parity for given l, hence these are not equal.
To finish the present section, we note that in metric (1) the equations (4) and (21) can take the form [7] d
where r * stands for the tortoise coordinate
the relation between Φ (I) and R (I) (Φ (II) and R (II) ) is [7] 
and the effective potentials V (I,II) are equal to [7] 
In de Sitter metric the expressions for the effective potentials (29) simplify to (see also Refs. [8] , [9] , [22] )
For D = 4 the de Sitter QN frequencies (19) and (25) are equal to those calculated for an electromagnetic field in Appendix B of Ref. [22] . We note that for D = 4 the effective potentials (30) are equal to that given in the previous reference for an electromagnetic field.
Gravitational perturbations
By employing a gauge invariant formalism, in Refs. [4] - [6] Kodama and Ishibashi showed that in four or more spacetime dimensions, the equations of motion for a gravitational perturbation of a maximally symmetric vacuum black hole reduce to Schrödinger type equations, (one equation for each perturbation type, see also [3] ). 4 We easily see that these equations are valid in D-dimensional de Sitter spacetime as noticed in Ref. [8] . Moreover, in Ref. [8] Natário and Schiappa showed that in de Sitter background the radial equations for a scalar type, a vector type and a tensor type gravitational perturbation take the form (see Sec. 4.3 of Ref. [8] )
, tensor type,
, vector type,
, scalar type,
and
Using these radial equations, in Ref. [8] Natário and Schiappa calculated the de Sitter QN frequencies. Here we again compute the de Sitter QNMs for a gravitational perturbation and we comment on the differences between our results and those of the previous reference.
As in previous subsections, it is possible to find exact solutions to the radial differential equation (31) of the form (7) [8] , where the parameters A and B are equal to
and the functionR is a solution to the hypergeometric differential equation (58) with parameters a, b, and c given by
In the following we study in detail the case A = . Thus the parameter c is a positive integer (for odd D) or a positive half integer (for even D). Therefore the hypergeometric type equation for the functionR has a first solution of the form (59), and depending on the value of the quantity c, the second solution is of the form (60) (for even D) or is of the form (61) (for odd D).
5 But as in Section 2 the only regular radial function at r = 0 is
because the radial functions that include solutions to the hypergeometric equation of the form (60) or (61) have divergences at the origin of the de Sitter metric (see previous section and Ref. [22] ). When the quantity c − a − b is not integer, according to Eq. (62) to find a purely outgoing wave as r → L we must impose the condition c − a = −n or c − b = −n, but from Eqs. (35) we obtain that it is not possible to satisfy the previous conditions when c − a − b is not an integer. Therefore, as in previous subsections, if c − a − b is a negative integer we can use Eq. (63) to expand the solution (36) in order to fulfill the de Sitter QNMs boundary conditions. We find that the QN frequencies are equal to
where the quantity q takes the following values 
We note that this result on the de Sitter QN frequencies is different to that of Ref. [8] , where it was found that there are well defined QN frequencies in de Sitter spacetime only if its dimension D is odd. We believe that in Ref. [8] was not noticed that if the quantity c − a − b is not an integer (in order to employ Eq. (62)), then the quantities c − a and c − b cannot be integers (see Eqs. (35)). Thus our results show that the conclusion of Ref.
[8] on the de Sitter QNMs in even dimensional spacetimes is not valid (see also Refs. [20] , [21] ).
We notice that the second set of the QN frequencies in Eq. (37) is equal to those calculated in [8] when the spacetime dimension is odd. The first set of QN frequencies in (37) was not found in Ref. [8] .
In four spacetime dimensions the QN frequencies (37) for a vector type perturbation and a scalar type perturbation are equal. For even D (and for given l) the three types of gravitational perturbations have equal de Sitter QN frequencies, except for a set of frequencies whose number depends on the spacetime dimension. For given l and odd D, the parity of the QN frequencies for a vector type perturbation is different from the parity of the QN frequencies for the scalar type and tensor type perturbations, hence these sets of the de Sitter QN frequencies are not equal (see Ref. [8] ).
Using the monodromy method [19] , in Section 3.2 of Ref. [8] Natário and Schiappa calculated the asymptotic value of the QN frequencies for a gravitational perturbation propagating in SdS black hole. The discrete increments in the inverse relaxation time (gap) calculated there in de Sitter limit are equal to 1/L. In Ref. [8] is also asserted that the gap for de Sitter QN frequencies is equal to 2/L which does not coincide with the value found taking the de Sitter limit of the result for the SdS black hole. The value that we obtain for this quantity is equal to 1/L which coincides with that found taking the de Sitter limit of the result for the SdS black hole when n goes to infinity.
We note that the radial differential equation (31) can take the form (26), with effective potential equal to [8] 
where α and β appear in Eqs. (32) and (33) . Using the tortoise coordinate r * (27) we show that the effective potential (39) simplifies to
When D = 4, the de Sitter QN frequencies (37) and the effective potential (40) for a vector type gravitational perturbation reduce to those for an axial gravitational perturbation given in Appendix B of Ref. [22] .
Scalar field
In this section we study the de Sitter QNMs of a coupled to curvature, real massive scalar field. These modes were studied in Refs. [9] , [10] , but here we discuss some additional facts and we make some comments on our results.
The Klein-Gordon equation is
where µ is the particle mass, R = D(D − 1)/L 2 is the scalar curvature of the de Sitter spacetime, ξ is the coupling constant between the real Klein-Gordon field and the curvature of the spacetime, ξ > 0.
In metric (1) the Klein-Gordon equation (41) takes the form
where∇ 2 represent the Laplacian on the (D −2)-dimensional sphere, m 2 = µ 2 +ξR. Thus the constant m stands for an effective mass. Making the following ansatz for a scalar field [9] , [10] Φ = e −iωt Y lm R(r),
we find that the function R must be a solution to the differential equation
If in previous equation we make the change of variable y = r 2 /L 2 (as in Sections 2 and 3), we obtain that the function R is a solution to the differential equation
and the quantityω is defined as in the previous sections. Proposing a solution of the form (7), we find that Eq. (45) simplifies to a hypergeometric type differential equation (58) with parameters a, b, and c equal to [9] , [10] 
Therefore, as in the previous sections, we have several cases for the values of the parameters depending on the values chosen for A and B. In what follows we study in detail the case A = . For this value of A the quantity c is a positive integer or a half-integer depending on whether the spacetime dimension D is an odd or even integer respectively. Thus the first solution to the hypergeometric type differential equation is of the form (59). The second solution is given by (60) when c is a half-integer (even D) and by (61) when c is an integer (odd D).
An analysis of the radial functions shows that only
is regular at the origin of the de Sitter spacetime. Using the definition of Subsection 2.1, we now study the QNMs of a real scalar field propagating in D-dimensional de Sitter spacetime. Its QN frequencies were calculated in Refs. [9] , [10] , but here we discuss them in more detail. We first consider a real massless scalar field, not coupled to scalar curvature (thus µ = ξ =m = 0). The regular radial function R at the origin is (48) , where the expressions for the parameters a, b, and c appear in Eq. (46) takingm = 0.
From the property of the hypergeometric function (62), we can expand the radial function R (48) as in Eq. (15) . Nevertheless, from Eqs. (46) we find that when the quantity c − a − b is not an integer, we cannot satisfy the conditions to obtain a purely outgoing wave as r → L.
If the quantity c − a − b is a negative integer, following the procedure of Subsection 2.1, we find that the de Sitter QN frequencies of a massless and not coupled to curvature real scalar field are
For D ≥ 5, we notice that these QN frequencies are equal to those of a tensor type gravitational perturbation (37) . For a coupled to curvature, real massive Klein-Gordon field, the regular radial functions at the origin appear in Eq. (48) There are limits where this is not valid, but in these limits we can study the problem as in the massless and not coupled to curvature case (and as in the previous sections).
From (50) we find that the QN frequencies are
>m 2 and
. The energy momentum tensor for a scalar field is equal to [41] 
Using this, we can show that the radial flux is different from zero for the solutions to the Klein-Gordon equation of the form (48) when the frequency of the field is given by any of expressions (49), (51), or (52) . Therefore these frequencies are quasinormal. Our results show that there are well defined QNM frequencies for all the values of m, provided we can consider that the scalar field is propagating in a fixed background. This conclusion is different to that of Ref. [9] where it is asserted that the de Sitter QN frequencies are well defined only form
. From expressions (51) and (52) we can obtain some interesting limits. For a real massive scalar field coupled to curvature with ξ =
D−1 4D
, from (52) we find that the QN frequencies are equal to
These quantities take a similar mathematical form to that of the de Sitter QN frequencies for a massive Dirac field in four dimensions (see Sec. 4.2 of Ref. [22] ). In the massless limit, the previous equation yields
Notice that the quantities iω given by Eqs. (19), (25), (37), and (49) is "special" for the de Sitter QNMs of the Klein-Gordon field.
Finally, we study a conformally coupled, massless real scalar field (ξ =
D−2 4(D−1)
). For this case, from (51), we find that the QN frequencies are equal to
which are half-integers for odd D and integers for even D.
We note that the QN frequencies ω (19), (25) , (37), (49), (51), (55) and (56) are purely imaginary as those calculated in Refs. [22] , [23] , [25] , [26] , [42] . It is easy to see that for a purely imaginary frequency the relation ω = −ω * holds. The QN frequencies (52) are equal to the complex frequencies (16) of Ref. [9] . In the cases that we have explicitly studied in the present work we do not find the frequencies (17) of the previous reference; nevertheless, we note that the imaginary part of the complex frequencies (17) of Ref. [9] can be negative or positive depending on the values chosen for n, l, and D; thus the amplitude of the field can increase with time for some of these frequencies. This also happens with the QN frequencies (32) of Ref. [10] , whose imaginary part can be positive or negative. For all the de Sitter QN frequencies calculated in this paper the amplitude of the field decreases with time.
In Ref. [35] Myung and Kim asserted that de Sitter QNMs do not exist because they cannot satisfy the boundary conditions by using real frequencies. As is well known, the QN frequencies are complex numbers. Moreover, in Ref. [10] Abdalla, et al., included the complex conjugate of the QN frequencies as QN frequencies, but if ω is a QN frequency, then −ω * is also a QN frequency [17] .
We can easily show that Eq. (44) simplifies to the form (26) . In de Sitter background the effective potential is equal to
5 Discussion
In Ref. [8] Natário and Schiappa asserted that the de Sitter QNMs for a gravitational perturbation are only well defined in odd spacetime dimensions. Our results show that the de Sitter QNMs are well defined in even and odd spacetime dimensions for an electromagnetic field, a minimally coupled massless real scalar field and a gravitational perturbation. We believe that the conclusion of Ref. [8] (and of Refs. [20] , [21] for the massless KleinGordon field) on the non-existence of QNMs in even dimensional de Sitter spacetime is not valid. For a massive scalar field propagating in D-dimensional de Sitter spacetime, in Ref. [9] Du, et al., deduced that there is an inferior limit for the mass of the Klein-Gordon field to have well defined QN frequencies. In Sec. 4 we show that there are de Sitter QNMs for a massive real scalar field for all values of its mass (inclusive in the massless case). It is convenient to say that we employ a different expression for the radial flux (it come from the energy momentum tensor (53) ) to that used in [9] .
We notice that the regular radial functions used here and in Ref. [22] satisfy R(r = 0) = 0. We also note that near the cosmological horizon the outgoing boundary condition for the QNMs of the SdS black hole simplifies to that of the de Sitter QNMs when the radius of the event horizon goes to zero. A straightforward calculation shows that for the QNMs of SdS spacetime the ingoing boundary condition at the event horizon takes the form R(r = 0) = C, C = 0, in de Sitter limit, which is not identical with the boundary condition satisfied by the regular radial functions employed in previous sections and in Ref. [22] .
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A Some mathematical facts
In the present paper we often find the hypergeometric differential equation
As is well known, if c is different from zero or c is not a negative integer, then the first solution to the previous differential equation is [43] 
if c is not an integer, then the second solution is [43] 
and when c is an integer greater than zero, the second solution to Eq. (58) is [43] f 2 = 2 F 1 (a, b; c; z) ln(z)
If the quantity c − a − b is not an integer, the relation between two hypergeometric functions with variables z and 1 − z is [43] 
and when c − a − b = −n, n = 1, 2, 3, . . . , the following relation holds
B QNMs of the D-dimensional near extreme SdS black hole
In Ref. [29] (see also [44] - [46] ) was shown that for a massless scalar field, an electromagnetic field, and an axial gravitational perturbation moving in a near extreme SdS black hole in four dimensions, the effective potentials of the Schrödinger type equations (26) take the form
where κ b is the approximate value for the surface gravity of the event horizon. Thus the effective potentials are of Pöschl-Teller type [47] .
For the coupled electromagnetic and gravitational perturbations propagating in ReissnerNordstrom de Sitter black hole in four dimensions, the effective potentials of the Schödinger type equations also reduce to the Pöschl-Teller form (64) in the near extreme limit, as shown in Ref. [44] .
Moreover, in Ref. [15] Molina showed that a similar result holds for a massive scalar field moving in D-dimensional near extreme SdS black hole or D-dimensional near extreme Reissner Nordstrom de Sitter black hole. Using this fact, in these references calculate the exact value of the QN frequencies of the near extreme SdS black hole taking into account the results of [48] .
Following [15] , here we calculate the exact values of the QN frequencies for an electromagnetic field, a vector type and a tensor type gravitational perturbation propagating in a D-dimensional near extreme SdS black hole.
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The effective potentials for an electromagnetic field moving in a D-dimensional near extreme SdS black hole appear in Eq. (29), but now the quantity P 2 is equal to
where r ap c and r ap b stand for the approximate values of the cosmological r c and black hole r b horizons, respectively, and δ is a small dimensionless parameter [15] .
For a vector type and a tensor type gravitational perturbations propagating in a Ddimensional near extreme SdS black hole the effective potentials are equal to [5] , [8] 
where P 2 is given in Eq. (65). Using a similar procedure to that of Ref. [15] , in the near extreme limit we can reduce the effective potentials (29) and (66) to the form (64), where
for the modes I of an electromagnetic field, a vector type gravitational perturbation and a tensor type gravitational perturbation, while
for the modes II of an electromagnetic field.
From the results of [48] , we find that the QN frequencies for these fields in Ddimensional near extreme SdS black hole are equal to 7 We notice that in Ref. [15] the symbol Λ stands for 3/L 2 , while in Refs. [11] , it stands for (D − 1)(D − 2)/(2L 2 ).
We notice that for a minimally coupled massless scalar field, electromagnetic modes I, vector type and tensor type gravitational perturbations, the QN frequencies in this approximation are equal. Note that we do not calculate the QN frequencies for a scalar type gravitational perturbation owing to the complicated form of the corresponding effective potential.
The approximations used in Refs. [15] and [29] are slightly different, this fact implies that the result obtained here for the QN frequencies of a vector type gravitational perturbation in four dimensions does not coincide with that of [29] .
In Ref. [49] Yoshida and Futamase showed that the analytical QN frequencies of a four dimensional near extreme SdS black hole calculated in [29] coincide with those computed numerically when the imaginary part of the frequency is small; thus from the expression for the QN frequencies given in Ref. [29] we cannot obtain the correct asymptotic behavior. We believe that it also happens with the QN frequencies calculated here and in [15] .
C Effective potentials
From the results of Refs. [8] - [11] , [15] , [16] , [22] , [28] , [29] , and the present paper, we note that for many spacetimes in which it is possible to find the exact values of the QN frequencies, the Schrödinger type radial equation
has effective potentials of the form
where the quantities x, a 2 , A, and B appear in Table 1 . We use in this Table the following abbreviations: KG = Klein-Gordon field, EM = electromagnetic field, GP = gravitational perturbation, M is the black hole mass, q is the black hole charge, Q is the eigenvalue of the Laplacian on a manifold of negative constant curvature, l is related to the eigenvalue of the Laplacian on a manifold of positive constant curvature,m = mL, m is the effective mass of a Klein-Gordon field (it may include curvature couplings), and L is related to the cosmological constant. The quantities C + and C − are equal to [44] 
We point out that in Ref. [11] ( [28] ) was studied the case of a massless scalar field field propagating in Nariai spacetime [50] (BTZ black hole [51] ); the extension of its results to the case of a massive Klein-Gordon field is straightforward. Moreover, in [16] the effective potential which appears in the Schrödinger type equation was not explicitly found, but we can easily calculate this potential.
Employing the method of Ref. [52] , we can show in a straightforward form that the equations of motion for a massless Dirac field propagating in four-dimensional and threedimensional de Sitter spacetime simplify to the form (26) with the effective potentials equal to [22] , [38] 
where κ is an integer (half-integer) in four (three) dimensions. In these variables this potential does not take the form (71).
Again following the procedure of Ref. [52] for a massless Dirac field moving in BTZ black hole, we can simplify the equations of motion to the form (26) , with effective potentials equal to [28] 
In this case it is possible to find exact solutions to the radial differential equations [28] , but an analytical calculation of the QN frequencies was not carried out because to technical complications, (in the previous reference Cardoso and Lemos calculated numerically the QN frequencies of a massless Dirac field). For A = 0, the potential (71) is known in the QNMs literature as Pöschl-Teller potential [47] , and it has been used as a first approximation to the effective potentials of several fields propagating in Schwarzschild and SdS black holes to calculate the values of its QN frequencies [29] , [46] , [48] , [53] , (see previous Appendix).
As noticed in Ref. [22] , Beyer showed that for a potential of the form (71) with A = 0, the QNMs form a complete set [54] . If a similar result holds for the potential (71) when both A and B are different from zero is an interesting question.
Finally, are there other examples that can be included in Table 1 ? 
